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PRSI RPN

Devoir Surveillé N° 5

Il sera tenu compte, dans 'appréciation des copies,
de la précision des raisonnements ainsi que la clarté
de larédation.

Questions de Cours +

Cours

Exercice 1
Soit E I'espace vectoriel E = R3, et considere les deux parties :

F={x,y,2)eE/ x+y+z=0} et G=Vcet((1,1,1))

Each element of G has the form A(1,1,1) = (A, A, 1), where A € R.

Let u = (x,y,2),v = (x',y,Z') be two elements of F and A € R. We have u+ Av = (x+Ax',y +
Ay',z+ AZ), on the other hand (x + Ax") + (y+ 1Y) +(z+ Az ) =x+y+z+ A +y +2) =0
Hence u+ AveF.

Determination of a basis of F :

Let u = (x, , z) be any element of F. We have x+ y+z=0,thenx=-y—z,sou=(-y-z,),2) =
y(=1,1,0)+2(-1,0,1). Note that (-1,1,0),(-1,0,1) € F, hence ((-1,1,0),(-1,0, 1)) is a generated
family of F. Let «a, 8 € R such that a(-1,1,0) + (-1,0,1) = 0, then (—a - B,a, ) = 0, hence
a = f=0. It follows that ((—1,1,0),(—1,0, 1)) is a basis of F.

Let u € FNG. Since u € G, there exists A € R, such that u = (1,A,1). We have 1 + 1 + A = 0 by the
fact that u € F. It follows that A =0, and « = 0.

Soit 1 = (x,y,2z) €R3. Onpose s = x+ y + z.

Ifs=0,thenucekF.

Wehaveeasily(x—%,y—— z——)+ (1,1,1) = (x—§+§,y—§+§,z—§+§)=(x,y,z).

Let u = (x, y, 2) € E. By the result of the previous question we have u=(x—§,y—§,z—§)+
3(1,1,1).Since (x-3+y—3+z-3=x+y+z—s=s—s=0,wehave (x-3,y-3,2—-5€F,
on otherhandg(l,l,l).ltfollows that u = (x—%,y—— z——)+ (1,1, 1)€F+G ThusE—
F+G=Fea&QG.

Exercice 2
Soit f:R* — R I'application définie par f(x,y,z,t) = x -2y + z—2L.
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Letu=(x,y,z1t),v=("y,z,t')eR* and 1 e R.
flu+Av) fx+Ax,y+ Ay, z+ Az, t+ A1)

= (x+Ax) =2+ Ay +(z+ AZ) = 2(r + AL)

= x-2y+z-2t+A(x' -2y +Z -2¢)

= fW+Af(v)

Hence f is linear.

On considere les vecteurs v; = (2,1,0,0), v» = (-1,0,1,0) et v3 = (2,0,0,1).
Letu=(x,y,z,t) eker f,then x—2y+z—-2¢t=0,hence x =2y—z+2¢,so u = 2y—z+2t,y,2,t) =
¥2,1,0,0) + z(-1,0,1,0) + £(2,0,0,1) = yv; + zvy + tvs. It is easy to see that vy, v2,v3 € ker f.
Hence (v1, v, v3) is a generated family of ker f. Let a, b, c € R such that av; + bvs +cv; =0, then
we have 2a—b+2c,a,b,c) =0, hence a = b = c = 0. It follows that (v, v, v3) is free, so it is a
basis of ker f.

Let u € ker f nVect(1,1,1,1). We have u € Vect(1,1,1,1), then there exists @ € R such that u =
a(1,1,1,1) = (a, a,a,a). On the other hand we have u € F, which implies that a —2a+a—-2a =0,
hence a = 0. It follows that © = 0.

PROBLEME

Endomorphisme nilpotent

Soit E un espace vectoriel et f € £ (E) un endomorphisme de E (application linéaire de E vers E).
On rappelle que f' =Idgetpourn=>1, f"= fofo...of.
N———
n fois

On dit que f est un endomorphisme nilpotent §'il existe un entier naturel g € N tel que f7 =0.

Premiere partie :
Exemples d’endomorphismes nilpotents
Soit f: R3 — R3 I'application définie par f(x, y,z) = (2y,3%,0).
Letu=(x,y,2),v=(x,y,2z) eR®and A € R. We have

fu+Av) fx+Ax,y+Ay,z+ 12
= Q2W+1y),3(z+1z2))
= (2y3z,0)+A(2y,32,0)

= fw+Af()

f2(x,3,2) = f(f(x,1,2) = f(2,32,0) = (2(32),3 x 0,0) = (62,0,0).
fs(x, ¥, 2) = f(fz(x,y, z)) = f(3z,0,0) = (0,0,0), hence f3 =0, so f isnilpotent.
Soit [ : K, [X] — K, [X] I'application définie par f(P) = P'.

Let PQ € K,[X] and let A € K. We have f(P+AQ) = (P+AQ)' = P' + AQ' = f(P) + Af(Q).
Hence f islinear.

Let P € K,[X]. Since degP < n, we have f"*!(P) = P""*1) = 0, hence f"*! = 0. Thus f is
nilpotent.

Deuxiéme partie :
Indice de nilpotence
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Dans cette partie f est un endomorphisme nilpotent de E.

Soit A= {keN/ f*=0j.
Since f is nilpotent, there exists g € N such that f9 = 0. It follows that g € A, so A is not
empty.
Ais anon empty subset of N, hence it has a smallest element, say p.
We have p € A, hence fP =0.On other hand p—1 ¢ A (since p is the smallest element of A),
which implies P~ #0.
(4]

(ldg - f) (::Z:fk) = IdE(Elfk)—f(gfk)

— Z fk Z fk+1

k=0

- ka—sz

= IdE+ka Zf’“ fr

k=1 k=
= Idg

Denote g = Z fr. k By the previous question we have (Idg — f)g = Idg. By the same argument

one can show that g(Idg—f) =Idg, that is (IdE flog=Idgand go(Id_ f) =Idg. Thus Idg - f
is an isomorphism and (Idg—f) "' =g = Z fk.
k=0
Troisieme partie :
Cas d’indice de nilpotence égale a 3
Dans cette partie f est un endomorphisme nilpotent de E d’indice de nilpotence égale a 3
c'est-a-dire f>=0et f2 #0.

Let y be an element of Imfz, then there exists x € E such that y = fz(x), so f(y) = f(fz(x)) =
£3(x) =0, hence y € ker f. It follows that Im f? c ker f.

Clearly, since f2 # 0, there exists v € E such that f 2(p) #0.

Let a, b, c € K, such that av+b f(v)+cf2(v) =0 (x). Applying f? to (x), we get af?(v)+bf3(v)+
cf4(v) =0, so afz(v) =0, hence a = 0 (since fz(v) # 0). Now (%) become bf(v) + cfz(v) =0
Applying f to (*) and this yields b f?(v) = 0, it follows that b = 0. Finally we get af(v) = 0 (from
(%)), so afz(v) =0, hence a = 0. Thus the family (v,f(v),fz(v)) is free.

Let a, b, c € K such that aldg+bf + cf? = 0, that is, for all x € E, ax+ bf(x) + cf?(x) = 0. In
particular av+bf(v) +cf2(1/) = 0. Since the family (U,f(v),fz(v)) is free, wehave a=b=c=0.

If x eker f, then f(x) =0, so fz(x) = f(f(x)) = f(0) =0. Hence kerfgkerfz.

We have f2(f(v)) = f3(v) = 0, hence f(v) € ker f2. On other hand f(f(v)) = f?(v) # 0, which
implies that f(v) ¢ ker f. Thus ker f # ker f2.
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