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Corrigé

Commutative algebra

Il sera tenu compte, dans I'appréciation des copies, de la
précision des raisonnements ainsi que la clarté de la
rédaction.
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Exercice 1
Let R be aring such that for any x € R, there exists n = 2 such that x”* = x. Show that every prime ideal
of R is maximal.

IS

%, hence x@" ' -1) = 0.
1

Let P be a prime ideal of R. Let X € R/P be a nonzero element, then X" =
"=l = 1. It follows that X is

Since R/P is an integral domain and ¥ # 0, we get X' —=1 = 0 that is X
invertible. Hence R/P is a field. Thus P is amaximal ideal of R.

Exercice 2
Let R be aring, (Py)qer be a family of prime ideals of R, and I = (Nger Pe. Show that VIi=1I.

LS
Let x € V1. there exists n € N such that x” € I = (\ger Pe. That is for each a € T, x" € P,. But P, is a
prime ideal, this yields x € Pg. Therefore x € Nger Py = 1.

Exercice 3
Let N be a submodule of a module M over aring R. Show that :

If N and M/ N are finitely generated, then so is M.
If M is finitely generated, then so is M/N.

IS

Since N and M/N are finitely gerated, there exist /y,...,/, € N and m,,...,ms € M such that
N=(,...,];)and M/N = (inq,...,my). We show that M = (I1,...,1,,my,..., my). It is clear that
(h,...,lr,my,...,ms) € M. Now, let m € M. There exist a;,...,as€ Rsuchthatm=a;m;+...+
asms, hence m—(aymy +...+agsmg) € N. So there exist by,...,b, € Rsuchthat m—(aym; +...+
asmg) =bilhh+...+ byl thatism=aym;+...+asms+ b1l +...+ b, 1.
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If M is finitely generated then M = (my,..., m,) where m; € M. it is easy to see that M/N =
(my,...,my).

Exercice 4
Show that (2/52) ®7 (2/6Z) = 0.
Let R be ringand f € R. Show that Ry ® (R/(f)) =0
T
Forn,meZ,wehaveﬁ®ﬁ=(6—5)E®E=55@5—65@5:%8@—5@@:0.

f%@E:%@E:#@ﬁ:o.

Exercice 5
Let R be a ring and M be an R-module. Let fi,..., f; € R such that (fi,..., fn) = R. Prove that the
morphisme

M—>

n
My,
i=1

is injective.

=
Let m € M such that its image in ]_[;?:1 My, is zero. That is for each i, % =0in My,. Hence for each i,
there exists /; € N suhc that fili m = 0. Now, we show that (f; b f,ﬁ") = R. By contrapositive, assume

that (f, b f,ﬁ”) # R, then there exists a prime ideal P such that (f; b, f,i") c P, in particular, each
fl.li € P, hence f; € P, that is (f1,..., fn) € P which is not possible since (fj,..., fn) = R. Now, we have
(fll‘,...,f,i") = R,sothereexista, ...,a, € Rsuchthat1 = alfll1 +...+anf,i". Sothatm=ml = alfll‘ m+
...+anf,i"m:0.
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